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Abstract
Motivated by the dark energy issue, a minisuperspace approach to the stability for modi-
fied gravitational models in a four dimensional cosmological setting are investigated. Specif-
ically, after revisiting the f(R) case, R being the Ricci curvature, we present a stability
condition around a de Sitter solution valid for modified gravitational models of generalized
Gauss-Bonnet type F (R,G), G being the Gauss-Bonnet invariant.
1 Introduction
It is well known that recently there has been found strong evidence for an accelerate expansion
of the universe, apparently due to the presence of an effective positive cosmological constant and
associated with this acceleration there exists the so called dark energy issue (see for example
[1]).
The modified gravity models are pure gravitational alternative for dark energy (for a recent
review and alternative approaches see [2, 3]). The main idea underlying these approaches to
dark energy puzzle is quite simple and consists in adding to the gravitational Einstein-Hilbert
action other gravitational terms which may dominate the cosmological evolution during the very
early or the very late universe epochs, but in such a way that General Relativity remains valid
at intermediate epochs and also at non cosmological scale.
In the present paper we shall consider a large class of modified gravitational cosmological
models defined in a Friedmann-Robertson-Walker (FRW) space-time and we shall focus our
attention to the stability of the de Sitter solution. We recall that the stability issue is relevant
in many contexts. For example, in the ΛCDM model, it ensures that no future singularity will
be present in the solution and within cosmological models, the stability or instability around a
de Sitter solution it of some interest at early or later times.
First we shall briefly revisit the class of models based on the action (here κ2 = 8πGN , GN







where the metric is assumed to be of (spatial flat) FRW form, that is




and f(R) depends only on the scalar curvature R. We will consider pure gravitational theory,
since we are interested in the dark energy sector. The inclusion of ordinary matter is straight-
forward.
In a cosmological setting, such a class of models have been introduced in [4, 5] and investi-
gated in many papers (see [3]). Also the stability of the solutions has been discussed in several
places [6, 7, 8, 9, 10, 11, 12, 13, 14]. To this aim, different techniques have been employed,
including manifestly covariant and field theoretical approaches, where the gauge issue has been
properly taken into account. All these investigations are in agreement with the following condi-






0 < f0 . (1.4)
where f ′, f ′′ are the derivatives of f(R) with respect to R and f ′0, f
′′
0 are the derivatives evaluated
at the value R = R0. The first condition, (1.3), determines the scalar curvature of the de Sitter
solution, while the second, (1.4), gives the condition for the stability around the de Sitter
solution. In a more general quadratic theory, the stability has been investigated in [15].
The aim of this paper is to address the same investigation a more general class of modified






√−gF (R,G) , (1.5)
which depends on an arbitrary function of the scalar curvature R and Gauss-Bonnet invariant
G = R2 − 4RµνRµν +RµνρσRµνρσ . (1.6)
This string-inspired scalar-Gauss-Bonnet gravity has been suggested in Ref. [16] as a model for
gravitational dark energy while some time ago, we recall that GB gravity has been applied to
the possible solution of the initial singularity problem [17].
The investigation of different regimes of cosmic acceleration in such string-inspired gravity
models has been carried out in Refs.[16, 18, 19, 20, 21, 22, 23, 24, 25, 26]. In particular, in [24]
a first attempt to the study of the stability of such kind of models has been carried out using an
approach based on quantum field theory. Here we would like to study the stability of F (R,G)
models making use of a classical approach, which we call minisuperspace approach. It is based
on a Lagrangian formalism [27, 28, 29], which is inspired by the seminal paper [30].
The content of the paper is the following. In Section II, we revisit the f(R) models and
rederive the stability condition (1.4) and then the same analysis is extended to the Gauss-Bonnet
models in Section III. The paper ends with the conclusion.
2 Minisuperspace approach for f(R)
As already mentioned above, we shall deal with FRW isotropic and homogeneous models with
spatial flat metric, namely
ds2 = −N2(t)dt2 + a2(t)d2~x , (2.1)
2
where t is the cosmic time, a(t) the cosmological factor and N(t) an arbitrary lapse function,
which describes the gauge freedom associated with the reparametrization invariance of the min-












in which a˙ stands for dadt , and so on.
If one plugs this expression in the Eq. (1.1), one obtains a higher derivative Lagrangian
theory. In order to work with a standard (first derivatives) Lagrangian system, we make use of



























Thus, substituting this value and making an integration by part one arrives at the Lagrangian,
which will be our starting point
















Now, a and R are Lagrangian variables and N appears as an “einbein” Lagrangian multiplier,
reflecting the parametrization invariance of the action. Furthermore, the three equations of
motion related to these three variables are not independent and in fact one can directly check
that this is the case. In the analysis of the system we can use only two equations of motion and
we can fix N(t) by the gauge choice (this corresponds to the choice of the cosmological time).
The first Equation of motion ∂L∂N = 0 reads
f˙ ′H + f ′H2 +
1
6
(f −Rf ′) = 0 , (2.6)








and we have chosen the gauge N(t) = 1. As usual the ’dot’ over the symbol means derivative
with respect to time.
The conserved quantity related to the parametrization invariance is the energy computed
with the standard Legendre transformation and it is vanishing on shell due to the equation of
motion (2.6) for the einbein N . This is the energy constraint.
The other equations of motion associated with the variation of R and a are respectively
H˙ + 2H2 − R
6
= 0 , (2.8)
2f¨ ′ + 4f˙ ′H − 2H2f ′ − Rf
′
3
+ f = 0 . (2.9)
3
As we already said above, this latter equation is redundant. In fact it can be obtained form the
other two ones, while equation (2.8) of course is equivalent to (2.2).
The two equations (2.6) and (2.8) form a very simple autonomous system in the two variables
R and H, namely











− 2H2 . (2.11)
The analysis of stability is standard and consists first in finding the critical points R0,H0, which
are defined by imposing R˙ = 0 and H˙ = 0 and then in investigating the stability of the related




2f0 −R0f ′0 = 0 , (2.13)
which correspond to a de Sitter critical point with scalar curvature determined by the above
condition.
The linearized system around the de Sitter critical point reads








− 4H0δH . (2.15)













The stability of the solution is assured if the real part of all eigenvalues is negative. As a result,
one gets the stability condition (1.4).
3 Minisuperspace approach for the Gauss-Bonnet model
In this Section, we shall generalize the previous approach to the modified gravitational model
defined by a Lagrangian density of the type F (R,G). Here G is the Gauss-Bonnet invariant,








while R is given by Eq. (2.2).
4
In order to put the Lagrangian in a standard form, we have to use two Lagrangian multiplier,


































≡ F ′R , µ =
∂F (R,G)
∂G
≡ F ′G , (3.3)
and by making an integration by part, one arrives at the Lagrangian,













+Na3(F −RF ′R−GF ′G) . (3.4)
The couple of equations of motion related to the variations of R and G are equivalent to eqs.
(2.2) and (3.1), which lead to
R = 6(H˙ + 2H2) , G = 4H2(R− 6H2) , (3.5)
while the equation ∂L∂N = 0 gives
24H3F˙ ′G + 6H
2F ′R + 6HF˙
′
G + (F −RF ′R −GF ′G) = 0 , (3.6)
where we have chosen N(t) = 1 again and we have putH(t) = a˙(t)/a(t). The conserved quantity
is always the energy computed with the standard Legendre transformation and it is vanishing
on shell.
The equation of motion related to the variation of a is












+ F −RF ′R −GF ′G = 0 . (3.7)
Again, this latter equation is redundant and one can see that it is a consequence of the others.
In order to deal with a first order differential autonomous system, we may use eqs. (3.5) and








− 2H2 , (3.9)
where
A(R,H) = 6HF ′R + 48H
3F ′′RG + 96F
′′
GG , (3.10)
B(R,H) = −F + (R− 6H2)(F ′R + 4H2F ′G)− 8H2(R − 12H2)2(F ′′RG + 4H2F ′′GG) . (3.11)
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The critical points are defined by R˙ = 0 and H˙ = 0. As a result
R0 = 12H
2
0 , G0 = 24H
4
0 (3.12)
and from B(R0,H0) = 0 it follows





= 0 . (3.13)
This corresponds to a de Sitter critical point with Gauss-Bonnet invariant determined by the
condition (3.13)(see ref. [24]).












δR − 4H0δH , (3.15)
A0, B0 being the quantities in (3.10) and (3.11) evaluated at R0 and H0. Again, requiring that
all the eigenvalues of the stability matrix have to be negative, we obtain the stability condition
4G0F
′′








RR(R0, G0) < F
′
R(R0, G0) . (3.16)
This is the main result of our paper. It is easy to show that this condition, when F (R,G) = f(R)
reproduces the relation (1.4) discussed in Section II.
We conclude this Section with some remarks. One can obtain the same result starting from
Eq. (3.7) and reducing it to a first order autonomous system by the method discussed in [13].
Furthermore, it is interesting to investigate the Gauss-Bonnet model defined by
F (R,G) = R+ f(G) , (3.17)
since it may be relevant from a phenomenological point of view [25, 24]. In this special case, the
conditions (3.13) and (3.16) reads
G0f
′





0 < 1 . (3.19)
As a particular example let us choose
f(G) = αGγ , (3.20)





6 =⇒ α(γ − 1) > 0 . (3.21)





In particular for γ = 2, α > 0, one has a stable de Sitter solution.
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4 Conclusions
In this paper we have presented the Lagrangian minisuperspace approach to the stability issue
for a class of modified gravitational models depending on the Ricci scalar and Gauss-Bonnet
invariant. The method has been first applied to the class of models depending only on the Ricci
scalar R and the well known stability condition for this case has been recovered. Then the same
approach has been applied to the scalar-Gauss-Bonnet models and a new general condition for
the stability around a de Sitter solution has been found. Finally, the analysis has been carried
out in more detail for a special but phenomenological interesting case of Einstein-Gauss-Bonnet
modified gravity.
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